Nanoscale devices, such as Cooper pair boxes or coupled quantum dots, have been suggested as scalable and integrable realizations of quantum bits. The two logical states of a qubit are the different charge states, or in the case of a flux qubit, flux states of the system. There are several proposals for quantum gates 1, 2 and for interqubit couplings, 3 as well as for measuring devices. 4 -7 Permanently coupled normalmetal transistors have been suggested as a device for measuring the state of a Cooper pair charge qubit. 8, 9 Also, a superconducting single-electron transistor ͑SET͒ in the Josephson current regime ͑low biasing voltage͒ has been experimentally tested. 10 In this work, we show that in the regime of high biasing voltages, the superconducting SET [11] [12] [13] leads to a highly efficient quantum nondemolition measurement 14 due to the blocking effect of the gap. The setting is shown in Fig. 1 . In the upper part, the Cooper pair box forms the qubit, its state characterized by the number of excess Cooper pairs in the box n. In the lower part, the superconducting single-electron transistor is capacitively coupled to the qubit with its state characterized by the excess charge on the island eN. In addition, the quantum number m counts the number of charges passing through the SET in left-to-right direction. Without a biasing voltage V bias across the SET, there is no dissipative current and no information is received. Moreover, in the absence of a dissipative environment, no dephasing of the composite system will occur and quantum operations on the qubit can be performed.
In order to perform the measurement, a biasing voltage is applied. As different qubit eigenstates correspond to different conductance in the SET, by observing the current, one receives information on the state of the qubit. The time needed for the current to give the essential information is called the measurement time. The back action caused by the SET dephases the qubit, and eventually also destroys the logical state of the qubit. The corresponding time scales are called the dephasing and the mixing times, respectively. For a good nondemolition measurement of the logical state (͉a͉ 2 and ͉b͉ 2 in a͉0͘ϩb͉1͘), one expects to have a much longer mixing than a measurement time scale. We show that for a superconducting SET, this is the case. The total Hamiltonian 8 consists of three parts: the Hamiltonians of the SET, the qubit, and the interaction H set , H qb , and H int , respectively. The SET Hamiltonian is defined as
where E set is the charging energy, Q set the gate charge of the transistor, and
Ϫi e i⌿ ϩH.c. describes quasiparticle tunneling within the SET. The phase differences and ⌿ are the conjugate variables of N and m, respectively. Thus, the operator e i (e i⌿ ) corresponds to quasiparticle tunneling onto the island ͑right electrode͒ of the SET, increasing the quantum number N(m) by one. The last three terms in Eq. ͑1͒ are defined as H r ϭ ͚ k ⑀ k c k †r c k r , (rϭL,R,I), where labels the transverse channels including the spin and k labels the wave vector within one channel. These describe the noninteracting electrons in the left electrode, the right electrode, and the island, respectively. The Cooper pair tunneling is excluded from the SET Hamiltonian due to the high biasing voltage. However, this approximation is not valid for a low voltage, and the contribution from the Cooper pair tunneling should be added when analyzing the effect of the SET on the qubit during logical operations.
Using the two-state approximation, the qubit Hamiltonian can be written as
where the energy ⌬Eϭͱ͓E qb (1Ϫ2Q qb )͔ 2 ϩE J 2 . The interaction Hamiltonian describes the Coulomb interaction between the qubit and the transistor and is defined as
where E int is the charging energy. All charging energies E int , E set , E qb and gate charges Q qb , Q set are determined by the capacitances and voltages of the system as given in Ref. 
where the trace is taken over the microscopic degrees of freedom of the transistor's left and right electrodes and the island. The elements of the transition matrix ⌺(tϪtЈ) ϭϪ(1/ប 2 )(͓V,U(tϪtЈ)͓V,•͔U(tЈϪt)͔) are calculated by using the diagrammatic technique developed in Refs. 15 and 3 and the superconducting density of states N(x) ϭ(͉x͉/ͱx 2 Ϫ⌬ 2 )N 0 , for ͉x͉Ͼ⌬. In zero-temperature limit, these elements are given by the so-called Basset function of first order, 17 which must be analyzed numerically. By performing the Laplace transform on master equation ͑5͒, the right-hand side becomes ⌺(s)(s). Assuming the density matrix to change slowly in a time scale of ប/E ͑typically of order 10 Ϫ12 s), the calculations can be restricted to the regime sӶE. In the normal-metal case, ⌺(s) varies only slowly as a function of small s, and therefore, the zeroth-order approximation is reasonably good. However, when the energy E/2 is close to the gap energy ⌬, ⌺(s) has a strong s dependence which is approximately linear for small s, as shown by Fig. 2 . Using the linear approximation ⌺(s)ϭ⌺(s 0 )ϩb(sϪs 0 ) and performing the inverse Laplace transform, the right-hand side becomes (⌫ϩ⌳‫ץ/ץ‬t)(t). The coefficients ⌫ and ⌳ depend on the bias voltage and the energies of the system. Moving all the derivatives of the density matrix to the left-hand side gives a master equation
where ⌫ and ⌳ are tridiagonal matrices consisting of the zeroth-and first-order terms of the ⌺(s) matrix, respectively. To guarantee the existence of the inverse of (1Ϫ⌳), the elements of the ⌳ coefficient are required to be small. This requirement is fulfilled when the tunneling rate within the SET is small ͑that is, ͉T L ͉,͉T R ͉Ӷ1). Multiplying Eq. ͑6͒ from the left by (1Ϫ⌳) Ϫ1 , the final form of the master equation is obtained as
͑7͒
The elements of the ⌺(s) matrix are analyzed by explicitly writing the Laplace transform as Doing the linear approximation ⌺(s)ϭ⌺(s 0 ϭ0.0)ϩbs gives zero current in the Coulomb blockade regime: zeros in the transition matrix ⌫ smear out the higher-order corrections. However, by using a nonzero value of s 0 , one obtains small transition probabilities in ⌫ matrix and nonvanishing current even in the Coulomb blockade regime. This allows one to estimate approximately the effect of higher-order contributions by varying s 0 . The IV-curves corresponding to different choices of parameter s 0 are shown in Fig. 3 , showing rounding of the steplike behavior, and for a suitable choice of s 0 , one obtains the differential conductance e 2 /2ប at the threshold, which are observed in Ref. 12 .
Varying the parameter s 0 on a small range ͓0.0, 0.15͔ has a rather small effect on time scales ͑measurement time t ms varies on range ͓1.0ϫ10 Ϫ10 s, 2.4ϫ10 Ϫ10 s͔, while mixing time t mix of 1ϫ10 Ϫ8 s is unaffected͒, so one can argue that the effect of the higher-order contributions is small. This can be understood by observing that for our choice of interaction energy E int ϭ0.50 K, the rounding has only small effect on the two values of the conductivity. For E int →0, the effect of higher-order contributions is increased. However, one should notice that the above treatment becomes increasingly accurate as E int approaches zero as the parameter s 0 is determined using the differential conductance at the threshold.
Elements of the matrix ⌫ describing the transitions within the qubit are proportional to a small mixing angle ⑀ defined by tan ⑀ϭE int sin /(⌬EϩE int cos ), where the angle is defined as tan ϭE J /͓E qb (1Ϫ2Q qb )͔. By approximating these elements by zeros, the matrix ⌫ separates into four parts: one part describing the system when the qubit is in ͑diagonal͒ state 00, one part when the qubit is in state 11, and two parts for the nondiagonal qubit states 01 and 10. The first two parts describe slowly damping conductance peaks that propagate in time. They give raise to the measurement, and the measurement time is defined as the time when the width of the peaks is smaller than the distance between their centers. For a detailed description see Ref. 1 . The coherence of the qubit is described by the strength of the nondiagonal elements, and thus the rate at which the nondiagonal elements vanish gives the dephasing time. For the mixing time, one has to include the small mixing elements proportional to ⑀ and one obtains eight eigenvalues of the transition matrix. Four of the eigenvalues describe the dephasing, two describe the measurement, and one eigenvalue is zero ͑describing the trace preserving symmetry͒. The remaining real eigenvalue mix gives the mixing time as t mix ϭ1/ mix . If the mixing time is very long compared to the measurement time, the measuring device disturbs the probability amplitudes of the qubit (͉a͉ 2 and ͉b͉ 2 in a͉0͘ϩb͉1͘) only a little. The uncertainties of the charge ⌬Q and its conjugate variable ͑phase or flux͒ ⌬⌽ are linked to each other by the uncertainty principle ⌬Q⌬⌽уប/2. According to this principle, if the precision of the charge measurement is very high, the phase becomes completely undetermined. The information that can be gathered from the SET contains no information of the phase, and thus the precision of measuring the charge within the qubit (͉a͉ 2 and ͉b͉ 2 ) can be very high. The time scales are calculated for a specific set of parameters including the higher-order effects by doing the linear approximation with s 0 ϭ0.10 as explained above. With aluminum structures in mind, the superconducting gap of the SET is chosen to be ⌬ϭ2.3 K and the charging energies E qb Ϸ1.0 K, E set Ϸ5.2 K and E int Ϸ0.50 K. The gate charges and tunneling coefficients are chosen as Q qb ϭ0.35, Q set ϭ0.15, ͉T L ͉ 2 ϭ͉T R ͉ 2 ϭ0.01. To justify the charge-qubit approximation E qb ӷE J , the strength of the Josephson coupling is chosen as E J ϭ0.10 K. Finally, the biasing voltage is chosen as eVϭ16.5 K. This set of values gives the measurement time t ms Ϸ2.0ϫ10 Ϫ10 s, the dephasing time t Ϸ1.1 ϫ10 Ϫ10 s, and the mixing time t mix Ϸ1.3ϫ10 Ϫ8 s. The ratio between the mixing and the measurement times is high, i.e., t mix /t ms Ϸ65, in agreement with the results in Ref. 6 . Though the measurement times of order 10 Ϫ10 s are beyond the reach of actual measuring devices, the short measurement time shows that the SSET is capable of distinguishing the two qubit states even if, in practice, one is incapable of distinguishing between the two values of current quickly. On the other hand, the mixing time of order 10 Ϫ8 s well exceeds the time scales of typical current electrometers 10 Ϫ9 s. For NSET, the same set of parameters gives t ms Ϸ6.0ϫ10 Ϫ8 s, t Ϸ1.0ϫ10 Ϫ10 s, and t mix Ϸ1.0ϫ10 Ϫ8 s. Our approach cannot be used for the NSET at the Coulomb blockade threshold, but this region has already been studied in Ref. 9 . However, low voltage slows the measurement process, and the excluded effect of environment may become significant, making the measurement more difficult. The system has been simulated numerically by solving Eq. ͑7͒ using the Euler's method for the above parameter values. The probabilities P(m,t) for m electrons having been tunneled during time t are plotted for the superconducting and normal-metal cases in Fig. 4 . For SSET, the measurement time is very short, as the other peak ͑corresponding to the qubit state nϭ1) propagates in time very slowly. The mixing effects are small, as the peaks remain separated and the small visible spreading is caused mainly by the shot noise. The definition of the mixing time is very conservative, as the peaks are clearly distinguishable in SSET well beyond the mixing time calculated from the eigenvalues. The time taken for significant transitions to occur in the qubit is a longer order of magnitude ͑i.e., 10 Ϫ7 s). For NSET the separation of the peaks is not clear and it is, therefore, unlikely to be a sensitive enough quantum measurement device at the parameter range used above. Using niobium for the qubit allows one to use higher charging energy E qb improving the charge-qubit approximation E J ӶE qb . This has the effect of increasing the mixing time by more than order of magnitude without affecting other timescales.
To understand the higher signal-to-noise ratio of the SSET, note that for NSET the currents I 0 and I 1 corresponding to different qubit states are determined by E int , which leads to small difference I 0 ϪI 1 . On the contrary, the sharpness of the IV gate -curve of SSET results in the factor I 0 ϪI 1 being almost independent of the interaction energy and relatively large. Thus one can achieve short measurement times ͑cf. Ref. 18͒. Even the small rounding of the steplike behavior caused by higher-order contributions does not significantly affect this picture. The mixing times for NSET and SSET are nearly equal because the back-action processes do not differ qualitatively. Therefore, signal-to-noise ratio for SSET becomes considerably higher than that for NSET. 
